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Synopsis

Assuming polymer fluids obey the CEF equation, equations concerning die swell from capillary
die and slit die were derived. The die swell of polymer increased with increasing shear rate and
recoverable shear. Qur theoretical predictions conformed well with the experimental data of die
swell for PP and PS.

INTRODUCTION

The die swell of polymer fluid was found to develop by two steps: (1) rapid
expansion at the die exit, followed by (2) a further slow expansion. The die
swell was defined and measured at some point where the dimension of
polymer extrudate no longer changed. At steady state and isothermal condi-
tion, several factors affected the die swell of polymers, such as geometry of
die, flow rate, temperature, viscoelasticity of polymer, additives, and so on.
For examples, Han and Kim' studied the effect of aspect ratio of the die
(L/R) on the die swell of polymer. It decreased with increasing aspect ratio
and gradually reached a constant value.? As the aspect ratio of die was large
enough, the die swell could only be a function of shear rate for the same
polymer. Graessley et al.? also found an unique relationship between die swell
and shear stress under different temperatures. Huang and White* investi-
gated the die swell of polymer from both capillary die and slit die. The die
swell from slit die was found to be always larger than that from capillary die
at the same shear rate for the same polymer. Racin and Bogue® found that an
increase in molecular weight and molecular weight distribution of polymer
shows more significant die swell. Metzner et al.® derived an equation relating
the die swell and recoverable shear from mass balance and momentum
balance. Tanner’ simulated the polymer fluid as a rubber-like solid and only
considered the rapid expansion step in the die swell process. He found that the
die swell (x) could be expressed as a function of recoverable shear (Sy)
through the following simple equation: x = (1 + 1/2S2)!/%. This equation has
been widely used to predict the die swell of polymers. White et al.*8-10
derived equations in a similar way for the die swell of polymer from dies with
different shapes. Later Tanner et al.!! and Chang et al.!? again combined the
well known constitutive equation of polymer fluids with the equation of
motion and analyzed the die swell phenomena theoretically by using finite-
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Fig. 1. Velocity profile arrangement in die swell.

element and orthogonal collocation techniques. There were also some em-
pirical equations proposed through dimensional analysis.

In this work, we assumed that polymer fluids obey the (CEF) Criminate-
Ericksen-Filbty equation. From mass balance, momentum balance and energy
balance, analytic equations were derived to predict the die swell of polymers
from either capillary die or slit die, which explained quite well the experimen-
tal data done by White et al.?

THEORETICAL TREATMENT

Die Swell Through Capillary Die

Figure 1 shows the velocity profile arrangement in die swell. Assuming the
fluid is incompressible, and the surface tension and gravity are neglected, the
mass balance, momentum balance, and energy balance are made between
plane 1 and plane 2 of Figure 1.

1. Governing equation

(a) Mass balance:

It
=)

1)

#n -vds
le., (U158, = 1S, 2

where (v,),, v,, S;, and S, are average velocity at plane 1, uniform velocity at
plane 2, cross-sectional area of plane 1, and cross-sectional area of plane 2.
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(b) Momentum balance:

_#(n.pw)-ezds—#(n-'rr)-ezds=0 (3)

After simplification, we get:
2 S,
P<Vz>1‘“902§ + () —P,=0 (4)
1

where p is the density of fluid, P, is atmospheric pressure, m is stress tensor,
7, is zz-component stress, v is the velocity of fluid, nis surface normal vector,
and ( ), is the average value at plane 1.

(c) Energy balance:

—#n - (1/2pv2v) ds — ggﬁ(n cm)vds+ [f[  (mivv)dv=0 (5)
o
which is simplified as:

1 1
§P<U2Uz>1s1 - 59”2332 + (vrm,, )8, + (vzm,,),S,

—P,S, + ffj;l_zn('r:Vv)dV= 0 (6)

where 7 is dynamic stress tensor, m = p8 + 7,8 is unit tensor, and v, is r
component velocity.

Assuming the flow of fluid at plane 1 is fully developed. (i.e., v, = 0). From
Egs. (2), (4), and (6), we obtain:

TR 9 S, (Sl)2 _ a7y, 4 ($17%u, )

oO—— — a -
<vz>21 <vz>zi SZ S2 %P<U2>% %p<vz>9i

(a-1) ffj;_2('r:Vv)dV_
eyt T T s, @)

Q= <7Trrvz>1
<7rrr>l<vz>1 ’

where

(8)

Y, is primary normal stress coefficient, 7 is shear rate, and =, is rr compo-
nent stress.

From equation of motion, we can prove that a = 1 as {, = 0, where ¢, is
secondary normal stress coefficient.
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2. Constitutive equation
Assume that the fluids obey the Criminate-Ericksen-Filbty (CEF) equation,
that is:

) 1 L, 1 ¢
R ©)
where Y is corotational derivative, that is,
9 3 1
§£i‘=5f+v'Vl"+E(W'i‘—W) (10)

I is rate of strain tensor, and W is vorticity tensor. Since ¢, is much smaller
than y, then

1 . 9
it 0| —2 4
T N 24/1( r @tr) (11)

1 and i, are functions of the secondary invarient of the rate of strain tensor
(i-e., II7), and can be expressed as follows according to the power law:

1 n—-1/2
n= HO(EHV') (12)
1 m-1/2
b= v 5107 (13)
IIr=%:v¢

= LY A%, (14)

i

where n, m, 4,, and ¢, are constants.
3. Evaluation of x and (), in Eq. (7)
At and prior to plane 1, v = (0,0, v (7))

0 0 1 D 1 0 0
then 1"=r'(0 0 0), b;i'=i"’(0 0 0),
1 0 0O 0 0 -1
1 00 0 0 -
i-2=i~2(o 0 0), t={ 0 0 0
0 0 1 —nF 0 —yr?

Yo=0 a=1 (15)
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From equation of motion, we obtain:

1 AP\/» n .y r \l1ti/n
= -— —R;*V1 - | — 16
G [27}0( az)] n+1 " (Rl) (16)
n 1 apP Van“/"
(vz>1—u1—3n+1 2710( 82) !
) 3n+1 )
(v ) = 2n+1”1 (17)
3(n + 1)°
3\ — 3
= G D )Y (18)
3n+ 1\m+! -,
2n ( n ) \Povl i '
.2 —
($:7"0 m+2n+1 Rp*1 (19)
" 2n? 3n+ 1\m+2
(¥aF vz>1_(m+2n+1)(3n+m+2)( n ) Yo
v{n+2
XW (20)
1
S, R\* 1
e [ 21
S, (Rz) X2 @)
x = die swell ratio
. 3n+1 v
Tw = n —é: (22)
Substituting Eqgs. (15) ~ (21) into Eq. (7), we get:
(n+3)3n+1) 2 N 1
(2n+1)(5n+3) x> x*
B 4n(m + 1) 3n+1\m*!
B (m+2n+1)(3n+m+2)( n )

st I (o )
pRYT™ 1/2pv3S,
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Fig. 2. Crude velocity pattern and extrudate shape for calculation.

4. Evaluation of (7:Tv)

As shown in Fig. 2, the velocity pattern and extrudate shape after die exit
are approximated. Z; is the required length to attain the steady die swell.
Between plane 1 and plane 2, v = (v,,0, v,(2)), then from mass balance:

v,R? = v, R?
or
R, )2 vy vy
' vl(— - - : (24)
R -1 1+ KZ
2 (1 + X Z) ( )
J
x—1
K =
Z,

Again from equation of continuity, we get:

Kur

N 1+ KZ)® %)

v,
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dv, 0 dv,
ar az
dv,
and = 0 2 0 (26)
ar
dv, 0 5 dv,
aZ azZ
dv,\? 0 dv, dv,
( ar ) 9z ar
Ju.\2
r2 = 0 ( vr) 0 (27)
ar
dv, dv, 0 4 dv, \? N dv, \?
%9z ar (az) (az)
dv, \? a%v, 0
( az) = 9107
0 2 o,
910z
2 dv.{dv, dv, a%v, a%v, 0
) - + +u, s
275 = aZ( or az) Yaroz © " oz? (28)
dv, [ dv,  dv, 9%, a%y,
~ + oy
az( ar az) Uraraz " 2372
0
dv, \? 5 9%y,
+
( az) =\ 972
Substituting Eqs. (25) ~ (28) into Eq. (11), we obtain:
29Kv 5K ?v? 9K *vir?
S n 13_1 16+ 18 (29)
(1+ KZ) (1+KZ) 1+ KZ)
Tro = Tor = Toz = Tz20 — 0 (30)
2nKv 5y K 2v?
Teg = — - 3 : 16 (31)
(1+KZ) (1+KZ)
3nK %u;r 3¢, K 3?r \
Ty = T, = ! ! vl L ! 7 (32)
(1+KZ) (1+K2)
Kv 2y, K 2v?
- 1 1 1 (33)

T,, = 47 -
(1+Kz)> (1+Kz)°
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6K2v12 3K 2r?
P T (34)
(1 + KZ) (1+ KZ)
3K2v12 ) 3K2r2 9, n—1/2
Srmive=Eqgl ———— 4+ ——m——
"\ (1 + Kz)° (1+KZ)*
12K %v? 9K *v2r? ]
(1+Kz)® (1-KZ)*
+y K |, KT R (35)
°l 1+ Kz)® (1+ KZz)? (1+K2z)°

_l_/ff (’T'Vv)dV: -_novln'*’l 8 (Cn+1/2_12n+1/2)
S -2 R? | 9n(n+1)
1 -1 n-2
- )5
X J
2cn+1/2 1
+ —1 - —/
3n(n + 1)( x3")
el
X _
J

N

"~ 2n(n+ 1)(n + 3) I\ g

4/0vlm+1 4(Cm+1/2 _ 12m+1/2)

Ry 9(m + 1)°
1 x— 1ym!
X (1 - xs(m+1))(T) (36)
x = 1\?
where C=12+9 = (37)
Z,
=%, (38)

n 2-~n

Ripv
Substituting Eq. (36) into Eq. (23), and multiplying ik i W in both sides of
n

e}
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equation, we obtain:

1( 1)'" e{(n+3)(3n+1)_32+i4}

—13 4+ —
n @2n+1)5n+3) x X
an(m + 1) 3n+1)’"+1
R(m+2n+1)(3n+m+2)( n
8 x—1\m1 1 .
- _ __— _V(em+12 _ jom+1s2
9(m+1)2( J ) (1 x3""“>)(c e )}
4 1 1 l1+m—-n -1 n—2
el 2
27n(n + 1) x°" n J

X {9(5:]_1)Cn+1/2 _ __(Cn+3/2 _ 12n+3/2)

n+3
+12(cn+1/2 _ 12n+1/2)} (39)
2RTpvi " 1\'-"
where .= ————-(3 + —) (40)
Mo n
Sp= Y1s, = Yopemen (41)
n Mo

In general, R, << 1 for polymer fluids and J ~ 1, then Eq. (39) becomes:

4n(m + 1) 1ym+! 8
R{(m+2n+1)(3n+m+2)( ;) _9(m+1)2

1

X(X _ 1)m—1(1 _ W)(cm+l/2 _ 12m+1/2)}

4 3 1 l+m—-n ) 1 ) e
= —— + — _ — —
27n(n + 1) ( n) x3" (x-1)

2
><{9(x — 1)20n+1/2 - (Cr+3/2 — 127+3/2)

r12(Cn2 - 12n+1/2)} (42)

Equation (42) shows the relation between die swell ratio (x) and recoverable
shear (Sj) for polymer fluids from capillary die.
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Fig. 3. Die swell from a slit die.

Die Swell Through Slit Die

The die swell of polymers from a slit die is roughly shown in Figure 3. Since
the ratio of width to thickness of the slit die is much larger than 1, we can
neglect the dimension variation of extrudate in the width (z) direction, then
the velocity of extrudate can be expressed as: v = (v,, v,,0).

From mass balance, momentum balance, and energy balance between plane
1 and plane 2, we derive the following equation in a similar way as in capillary
die:

O 9 (v N 2a31 St L Blem D) P(a—1)
— 9% I
(v (v S, S aeud

<4}1 ) <‘P1i'vx>1 .[,/./ (r:vv)dV
RETYON R PYOR 2p< u)iS

where S, and S, are cross-sectional areas of plane 1 and plane 2 per unit
width,

=0 (43)

Q= < yy) 1
CHNC I
and 7, is yy component stress.

At plane 1, the flow of fluid is fully developed, v = (v (¥),0,0). Then from
equation of motion, we obtain:

(44)

¢, 72 = 0

T=1 —nF 0 O
0 0 0
(v =y
) 2(2n+1)
(Uedy = DR
) (45)
(W, = 6(2n + 1)

(Bn + 1)(4n + 3) 1

72y, = T
Ul 1Y m4n n h ?

N n(2n + 1) 2n+1 v \™*!
(W1Fu ), = 1¢°(n+m+1)(2n+m+2)( n h)
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Substituting Eq. (45) into Eq. (43), we get:

6(2n + 1)° 4@n+1) 2 1 n
(3n + 2)(4n + 3) Brn+2) x x* l1+m+2
(2n+1 vl)"'“ Y, n(2n + 1)
n h low2  (n+m+1)@2n+m+2)

((2n+1) EI_)MH v, N ffj;_;:VvdV:O )

n h ovf 3pviS,
where x = H,/h =S, /S, = die swell ratio.

The velocity pattern and extrudate shape after die exit are approximated as
in Figure 4, then

Again from equation of continuity:

kv y
v, = ———
(1 + kx)
~ky
20,k (1 + kx)
P=——7 —ky
1+ kx) | ———
( ) (1+ kx) ! 0
0 0 0
2nv,k 2nv,k2y
—_— - 0
(1 + kx)* (1 + kx)®
2nv,ky —2nvk 4y vik?

=@+ L+ k)? (14 k)

]
X1+ ——
(1 + kx)®

0 0 0

. Cmohvy (x -1 \"[ 1
ff/l_2('r.Vv) dV = - (2 Th vl) [XZ" - 1}

1 X — 1 2 ) m+1/2 1P0U1h X — 1 m+1
fo[“( 7 )A] d“(2m—1)[2( T H

1 -1 2 m+1/2
[xz”‘"l - 1]]01[1 n (XJ ) AZ} dA (47)
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Fig. 4. Crude velocity pattern and extrudate shape for calculation.

P

where J = Z_/h. Substituting Eq. (47) into Eq. (46), we derive the following
equation relating the die swell with the recoverable shear for polymer fluids
from slit die:

4(n + 1) 6(2n + 1)° 1 2
‘| Bn+2  (Gnr2@n+3) X x

(m+1)2n + 1) 2@_ lﬂﬁllﬂy

:2 —
Rl +m+n)2+m+2n) Zn J

n n-11]
“(mvi)
2n +1 n

1 X — 1 2 R n+1/2 n m 1
1+ A dA — 285 ———— 1 -
fo ( J ) SR(2n+ 1) ( x2’"—1)

2(X _ 1) m+1 1 X — 1\2 n+1/2
—_— 1+ - A2 dA 48
= w
l’bo sl+m—
where Sgp=—r """ (49)
Mo
phv, ph? n .
= = — -o—n 50
R= "= P )i (50)
. 2n+ 1 v, 51
RESULTS AND DISCUSSION

In order to calculate the die swell ratio (x) versus shear rate (7) or
recoverable shear (S;) in Eq. (42) and Eq. (48), the viscosity versus shear rate
data and the primary normal stress coefficient versus shear rate data were
needed. Figure 5 plots the viscosities of PP and PS as functions of shear rate
at 180°C, which were taken from experimental data of White and Roman.? PP
was more viscous than PS at 180°C. Both polymers represented pseudoplastic
behavior, the viscosity decreased with increasing shear rate. Figure 6 showed
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Fig. 5. Viscosity vs. shear rate for PP (0) and PS (A) at 180°C.
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Fig. 6. Primary normal stress coefficient vs. shear rate for PP (1) and PS (2) at 180°C.

the data of primary normal stress coefficient versus shear rate for PP and PS
at 180°C.® It seemed that the polymer with higher viscosity would have
higher primary normal stress coefficient. And the primary normal stress
coefficient decreased linearly in log—log scale with increasing shear rate. From
the plots of Figures 5 and 6, all the constants in CEF equation (i.e., n,, n, ¢,
and m) could be obtained by curve fitting. Table I lists these constants for PP
and PS, which were used in calculating the die swell ratio in Eq. (42). 1"igures
7 and 8 plots the die swell ratio from capillary die versus shear rate at 180°C
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TABLE 1
Constants in CEF Equation, Obtained by Fitting Figures 5 and 6

Mo n Yo m
PP 1.2 x 10° 0.50 1.75 X 10° —-0.026
PS 9.6 X 104 0.47 1.35 X 10° 0.040
2.4 T T T T T 1 T T T 1] T T 11
22 —
x 20 8
2
E 1.8 A
s
:isl .
£
141 =
1.2 B
1.0 ! Lol | 1l ! o1 I L1
0.1 1.0 10.0 100.0
Shear rate, ¥ (s™")
Fig. 7. Die swell ratio vs. shear rate for PP at 180°C. (—o—) Exp., (- - --) Eq. 42.
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Fig. 8. Die swell ratio vs. shear rate for PS at 180°C. (—o—) Exp., (----- ) Eq. 42.

Shear rate, Y (s7!)

for PP and PS, respectively. Experimental results of White and Roman® were
put in figures for comparison. Die swell ratio significantly increased with
increasing shear rate due to the effects of normal stress and elastic recovery.
The theoretical prediction conformed very well with the experimental data
especially for PS. Since PP was a semicrystalline polymer, the crystallization
kinetics would induce some error in the prediction of die swell. For example,



DIE SWELL FROM CAPILLARY DIE 861

24 T T 1] T Ill] T T 1 1

20 / -

Die swell ratioy, X
N,

(0 TR SO0 N NN S S A R N A
0.4 1.0 10.0 {000
Recoverable shear, Sn

Fig. 9. Die swell ratio vs. recoverable shear for PP at 180°C. (—o—) Exp., (-- - -) Eq. 42.
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Fig. 10. Die swell ratio vs. recoverable shear to PS at 180°C. (—o—) Exp., (- - - -) Eq. 42.

crystallization might change the molecular orientation, disturb the velocity
profile, change the density and viscosity of fluid, and introduce internal
stresses. Figures 9 and 10 show the relationship between die swell ratio from
capillary die and recoverable shear for PP and PS, respectively. The experi-
mental data were obtained from the cone-plate rheometer.® Due to instru-
mental limitation, higher recoverable shear data could not be obtained for
comparison with the theoretical prediction.

Our equation underestimated the die swell ratio in the low recoverable
shear region, but the error was within 10%. From the above results, we
concluded that Eq. (42) could be used to predict the die swell of polymer fluids
through capillary die. In a similar way, Eq. (48) could be expected to predict
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the die swell of polymer fluids through a slit die. It would help us to know the
effect of changing operating conditions on the die swell of polymer and would
guide us to choose the proper conditions for the desired product.
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